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Abstract. In this paper, we study the effects of an in-homogeneous
magnetic field on the quark gluon plasma dynamics, within the Magneto-
Hydrodynamic framework. We have investigated the effect of an inhomo-
geneous external magnetic field on the transverse expansion of in-viscid
fluid created in high energy nuclear collisions. Transverse velocity and
energy density are modified by the presence of the magnetic field. This
effects can also influence the transverse momentum spectrum for parti-
cles at the freeze-out surface. In this context we obtained an interesting
comparison with data extracted from heavy-ion collisions.
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1 Introduction
Collisions of two heavy nuclei at high energy produce a hot and dense fireball.
Quarks and gluons could reach the deconfined state, called quark gluon plasma
(QGP), in a very short time (∼ 1fm/c) after the initial hard parton collisions
of nuclei. recently a wide range of studies has shown that relativistic heavy-ion
collisions create huge magnetic field due to the relativistic motion of the colliding
heavy ions carrying large positive electric charge (For more references and details
refer to it [1]-[3]. ).
Recently, some efforts in numerical and analytical works have been made,
based on the relativistic magneto-hydrodynamic (RMHD) setup, to describe
high energy heavy ion collisions (See, for example, [4]-[11]). The aim of our work
is to generalize the Bjorken model by considering an inhomogeneous external
magnetic field acting on the medium. We show that the presence of the magnetic
field leads to non-zero radial flow [9].
2 Relativistic magneto-hydrodynamic
We deal with the case of an ideal non-resistive plasma, with vanishing electric
field in the local rest-frame (eµ = 0), which is embedded in an external magnetic
field (bµ) [12]-[13]. The energy momentum conservation equations read:
dµ(T
µν
pl + T
µν
em) = 0, (1)
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where
Tµνpl = (+ P )u
µuν + Pgµν (2)
Tµνem = b
2uµuν +
1
2
b2gµν − bµbν . (3)
In the above gµν is the metric tensor,  and P are the energy density and pressure,
respectively. Moreover dµ is the covariant derivative. And the four velocity is
defined as
uµ = γ(1,v), γ =
1√
1− v2
satisfying the condition uµuµ = −1.
Canonically one takes projections of the equation dµ(T
µν
pl + T
µν
em) = 0 along
the parallel and perpendicular directions to uν , which gives:
D(+ b2/2) + (+ P + b2)Θ + uνb
µ(dµb
ν) = 0, (4)
(+ P + b2)Duα +∇α(P + 1
2
b2)− dµ(bµbα)− uαuνdµ(bµbν) = 0. (5)
Notice that α should be a spacelike index. Moreover
D = uµdµ, , Θ = dµu
µ, ,∇α = ∆ανdν . (6)
2.1 Induced radial flow in B-field
We consider the medium expands both radially and along the beam axis, the only
nonzero components of uµ = (uτ , u⊥, 0, 0) are uτ , which describes the boost-
invariant longitudinal expansion [14], and u⊥, which describes the transverse
expansion. And we suppose the external magnetic field to be located in transverse
plane as bµ = (0, 0, bφ, 0).
We now seek the perturbation solution in the presence of a weak external
magnetic field pointing along the φ direction in an inviscid fluid with infinite
electrical conductivity:
uµ = (1, λ
2u⊥, 0, 0), bµ = (0, 0, λbφ, 0), b2 ≡ bµbµ
 = 0(τ) + λ
21(τ, x⊥), 0(τ) =
c
τ4/3
(7)
In such setup, the conservation equations (4-5) reduce to the following partial
differential equations
u⊥ − τ2∂⊥(u⊥
x⊥
)− τ2∂2⊥u⊥ − τ∂τu⊥ + 3τ2∂2τu⊥
−3τ
7/3
x⊥c
b2φ −
3τ7/3
4c
∂⊥b2φ −
9τ10/3
4x⊥c
∂τ b
2
φ −
3τ10/3
4c
∂⊥∂τ b2φ = 0. (8)
For non-vanishing bφ we assume a space-time profile of the magnetic field in
central collisions in the form:
b2φ(τ, x⊥) = B
2
c τ
−1√αx⊥e−αx2⊥ . (9)
Hamiltonian Mechanics 3
We see that the magnitude of bφ is zero at x⊥ = 0. Finally, one can find the
solutions for transverse velocity u⊥ and correspondingly modified energy density
1; for more details refer to [9].
3 Particle transverse momentum spectrum
From the local equilibrium hadron distribution the transverse spectrum is cal-
culated via the Cooper-Frye formula in the freeze out surface
S = E
d3N
dp3
=
gi
2pi2
∫ xf
0
x⊥ τf (x⊥) dx⊥
[
mTK1(
mTuτ
Tf
)I0(
mTu⊥
Tf
)
+pTRfK0(
mTuτ
Tf
)I1(
mTu⊥
Tf
)
]
(10)
Where τf (x⊥) is the solution of the T (τf , x⊥) = Tf and the degeneracy is gi = 2
for both the pions and the protons. The above integral over x⊥ on the freeze-out
surface is evaluated numerically.
The spectrum Eq. (10) is illustrated in the following figures for three different
values of the freeze out temperature (140, 150 and 160 MeV) and compared with
experimental results obtained at PHENIX [15]. in central collisions. Our proton
spectrum appear to underestimate the experimental data, except at low pT , but
their behavior with pThas the correct trend of a monotonically decrease. The
pion spectrum, instead, appears in fair agreement with the experimental results,
which are very close to the theoretical curves. This is an indication that hadrons
with different masses have different sensitivities to the underlying hydrodynamic
flow and to the electromagnetic fields. Indeed, the difference between the charge-
dependent flow of light pions and heavy protons might arise because the former
are more affected by the weak magnetic field than the heavy protons [16].
For comparison, we also show the results obtained by Gubser [17], which ap-
pear to be more flat and typically overestimate the experiment. We also notice
that, for the proton case, the highest value of the freeze out temperature we
employed (as suggested, e.g. in Ref. [18]) slightly brings (for protons) the calcu-
lation closer to the experimental data; however it also shows a kind of saturation
phenomenon and points to the need of including other effects not considered in
the present work.
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